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Introduction

NY aircraft analysis model is subject to simplifications to some

extent, leading to uncertainties in the nominal model.
Therefore, analysis based on the numerical model generally yields
errors in the aerodynamic loads, structural behavior, and critical
speeds. Robust flutter analysis usually aims at computing a worst-
case flutter speed considering these uncertainties, but can also be
used to consider larger variations, such as fuel burn.

In recent years, so-called p analysis [1] from the control
community has been applied to perform robust flutter analysis [2,3].
Most recently, Borglund [4,5] combined classical frequency-domain
aeroelasticity with p analysis to formulate the p-k method, being
closely related to the p-k and g methods [6,7]. In particular, a simple
and efficient p-k algorithm that takes advantage of data from a p-k or
g method analysis is described in [8].

At present, the structural uncertainty descriptions available in the
literature are based on the assumption of a fixed modal base in the
analysis [2,4,9,10]. However, the mode shape variations that result
due to variations of structural properties (mass and stiffness
distributions) may have a substantial impact on the aeroelastics
because they directly influence the unsteady aerodynamic forces.

In this study, it will first be demonstrated that the assumption of a
fixed modal base can lead to incorrect flutter results. After that,
possible means to account for mode shape variations are presented
and evaluated by considering a simple test case.

Robust Flutter Analysis

The basis for robust flutter analysis is the nominal model. In the
Laplace domain, the nominal equation of motion for a flexible
structure with aerodynamic interaction is given by

Fo(p)v=[p"M, + (L*/V)K, — (0L*/2)Qo(p)]v =0 (1)
where M, and K, are the mass and stiffness matrices, respectively,

and Qq(p) is the aerodynamic transfer matrix depending on the
nondimensional Laplace variable p =g + ik, where g is the
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damping and k is the reduced frequency. The aerodynamic reference
length for computation of the reduced frequency is L, and V and p are
the airspeed and density, respectively. The vector of displacements in
terms of n degrees of freedom of the finite element model is denoted
as v. Note that structural damping and the dependence on the Mach
number have been omitted for simplicity, but can easily be included.
The stated equation is a nonlinear eigenvalue problem that defines a
set of eigenvalues p and corresponding eigenvectors v. Nominal
stability is guaranteed when all eigenvalues of the nominal system
have negative real parts.

In addition to the nominal system, the uncertainty related to this
system is defined. In many cases, the uncertain flutter equation
depends in a linear fashion on the uncertainty parameters, and can be
written in a form defined by a nominal and an uncertain part

[Fo(p) + FL(p)AFR(p)lv =0

where A = diag(Ag, Ap) with Agand A, containing structural and
aerodynamic uncertainty parameters, respectively. F; and Fj are
scaling matrices that determine the impact of the uncertainty
parameters on the system, and A belongs to a set S, defined as

(@)

Sx={A:A e A andd(A) <1} 3)
where A defines a block structure and 6(-) denotes the maximum
singular value. Premultiplying Eq. (2) by FzF;! and defining the
system matrix F(p) = —FzF;'F, leads to the form

[I-F(p)Alw=0 )
of the uncertain flutter equation, where I denotes the unitary matrix
and w = Fyvis defined. Robust stability of the system is guaranteed
when the system is nominally stable, and when the uncertainty
cannot destabilize the system. When the flutter equation is posed in
the form of Eq. (4), the u-k method [4,5,8] can be used to find the
airspeed, making a critical eigenvalue p = ik possible for some
A € S,. This airspeed is the worst-case or robust flutter speed.

Mode Shape Variations
Solving Eq. (1) is, in general, computationally expensive, because
even simple aircraft structures may require a large number of degrees
of freedom 7, making the involved matrices very large. A commonly
used approach is to perform modal projection of the problem, where
only m structural eigenvectors z; are considered in the modal base
Z=[z; 2, Z,, |- It is assumed that the critical flutter mode
shape can be represented by a linear combination of those
eigenmodes, such that v = Zn, giving
Z (M) (Fy+ F AFR)Z(A)n =0 ®)
where the n X n system matrices are reduced to dimension m X m,
and 7 is the modal eigenvector. Typically, m is several orders of
magnitude smaller than 7n.

Fixed Modal Base

Using the common fixed-base approach, it is assumed that the
modal base in Eq. (3) is independent of the structural variations, i.e.,
Z(A) = Z(A = 0) = Z,. The computational effort required to solve
the nominal flutter equation is reduced significantly by the modal
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projection. Regarding the uncertain part of the equation, the modal
projection will also lead to a reduction of the dimension of A. The
maximum block dimension for each uncertain parameter §; will be
reduced from n to m [8]. Because the computational effort using 1
analysis depends strongly on the dimension of the uncertainty
description, the modal formulation is also beneficial from this point
of view.

As known from traditional flutter analysis, modal projection leads
to accurate solutions as long as the chosen subset of eigenvectors in
Z, spans a modal subspace capable of representing the actual flutter
mode shape. The flutter mode shape is typically a linear combination
of the structural mode shapes corresponding to some of the lower
eigenfrequencies, and thus the structural eigenmodes corresponding
to the m lowest eigenfrequencies are chosen to build Z.

As the structural model is subject to uncertainty and variations,
however, the fixed-base approach implies a potential problem. For
large structural variations that perturb the structural mode shapes
significantly, the nominal modal base may not represent the actual
flutter mode shape accurately, leading to incorrect results in the
flutter analysis. In the following sections, different approaches to
account for mode shape variations are presented.

Perturbed Modal Base

One possibility to account for mode shape variations is to use a
Taylor expansion to estimate the perturbed modal base according to

Z ~Zy+Z,AZy 6)

where Z, is the unperturbed modal base, and Z; and Zj are
computed to represent the mode shape variation as a function of the
structural variations in Ag =diag(A,, Ag). The uncertainty
matrices A,,; and Ag contain the uncertainty parameters correspond-
ing to variations in the mass and stiffness properties, respectively.
Higher-order terms of the Taylor expansion can be included as well,
but would make this approach infeasible, because higher-order terms
contain cross derivatives of the modal base with respect to the
uncertainty parameters that would increase the problem dimension
significantly, even for quite a few uncertainty parameters.

For computation of the first-order coefficients Z; and Zg, an
approach as presented in [11] can be followed, where the derivative
z;; of each eigenvector z; with respect to each structural variation §;
is computed. Given the derivatives of the mass and stiffness matrices,
with respect to the uncertainty parameters,

oM IK
M, =2% and K,=°0
1%, T T T s,

J

Q)

the eigenvector derivative z; ; is computed by solving the singular
system

(K- wzzM]Zi,j = _[Kj - ((Uzz)/M - szMj]Zi ®)

as described in [11], where ; is the ith eigenfrequency and (w?) ;=
I (K; — M)z, is the derivative of its square with respect to §;.
Finally, the expansion in Eq. (6) is obtained as

Z =2+ ZyNsZy;="20+ L AsZy ©)

Jj=1

where r; is the number of uncertainty parameters affecting Z, Z, ;
contains eigenvector derivatives, A s, 1s adiagonal matrix containing
the uncertainty parameter §; on the diagonal, and Zj; is the unitary
matrix. Using this expansion, the flutter equation reads

(Zo + Z, AsZg)" (Fy + FLAFR)(Zo + Z AsZp)n =0 (10)

Using linear fractional transformation matrix operations [12], the
uncertain flutter equation can then be posed in the form

[1—F(p)Ald =0 an
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Note that the higher-order uncertainties ATA, ATAg, AAg, and
AT A A resulting from Eq. (10) are transformed to a linear structured
uncertainty block A= diag(AL, A, Ag) of larger dimension.
Besides the increased dimension of the uncertainty block, another
major drawback is that the favorable upper limit of A being in the
order of m is no longer valid. In this case, the dimension of the
projected problem would exceed the dimension of the full-scale
problem, making the modal projection meaningless. The reason for
applying it here is to investigate if a linear approximation of the mode
shape variation as such is meaningful. If it can be shown that Eq. (10)
yields accurate results, a more efficient formulation could possibly be
developed.

Updated Modal Base

Another approach to solve Eq. (5) is to apply an iterative solution
algorithm, where the flutter equation

ZT(Fy+F, AFR)Zn =0 12)

with fixed Z; is solved to determine the worst-case flutter speed.
Then, the corresponding worst-case mass and stiffness matrices are
computed explicitly for the worst-case perturbation Ag,, and an
updated modal base Z,,; is computed by solving the eigenvalue
problem

[K(As) + @F M(Ag)]zip1 =0 (13)

where K(Ag) and M(Ag, ) are the updated stiffness and mass
matrices. The iterations are terminated when the worst-case
perturbation has converged according to

lAs,, — Agllee <k (14)

i+1
where k > 01is a specified tolerance parameter. In the subsequent case
study, the p-k algorithm described in [8] was used to compute the
robust flutter boundary based on Eq. (12). The resulting robust flutter
speed and frequency were then used to formulate an optimization
problem similar to the one posed in [13] for finding the cor-
responding worst-case perturbation A;.

Note that, in general, the p value [1] cannot be evaluated for any
block structure A, but rather has to be determined by upper and lower
bounds. The MATLAB p Toolbox [14] provides tools for
computing these bounds and was used for evaluation of the upper
bound in the present study. The resulting largest singular value of the
worst-case perturbation A; is the inverse of a lower bound of the
corresponding p value and can thus be used for judging the result of
the optimization. In the case of small differences between the upper
bound of p (equal to one for the converged -k algorithm) and the
computed lower bound, it is likely that the worst-case configuration
was found. Because of the nonconvexity of the considered
optimization problem, convergence to the global optimum cannot be
guaranteed, and thus the optimization was restarted several times
from random initial values for higher reliability of the lower bound.
In the present case, it was found sufficient to restart the optimization
three times to obtain a sufficiently reliable lower bound.

Increased Modal Base

A simple way to account for a potentially insufficient modal base
Z is to increase it by a number of vectors. The larger the number of
linearly independent vectors in the modal base, the higher the
possibility that the modal base can represent the actual flutter mode
shape accurately. Because large modal bases require more
computational effort, the number of eigenvectors cannot be
increased arbitrarily, but an efficient increase of the modal base is
desirable. Several means to increase Z were investigated in this
study.

Additional Eigenvectors

The most straightforward approach is to increase the modal base
by additional structural eigenvectors. These eigenvectors establish a
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base with linearly independent vectors, which is advantageous
because it assures that the projected matrices do not become singular
due to the projection. The drawback, however, is that the nominal
eigenvectors are not related to the structural variations of the system,
and adding nominal eigenvectors does not necessarily capture
perturbations of the mode shapes due to the uncertainty.

Eigenvector Derivatives

Another possibility to increase the modal base is to compute
derivatives z, ; of eigenvectors in the current modal base with respect
to structural uncertainties, and to use the derivatives as additional
vectors in the modal base. Again, the derivatives can be computed as
previously described. These derivatives can be considered as vectors
pointing in the direction of the mode shape perturbation due to given
uncertainty parameters. Using these derivatives, the modal base is
thus increased in the direction of the parametric uncertainty by
writing Z., =[Z Z,], where Z, contains derivatives of the
nominal base. The vectors in Z, are, however, not necessarily
linearly independent of the existing modal base Z, and they may be
similar to each other as well. Besides increasing the problem
dimension excessively, including linearly dependent vectors leads to
an ill-conditioned problem.

To ensure that only relevant vectors are included, the added
vectors were made orthogonal to the existing modal base by using
Gram—Schmidt orthogonalization to identify linearly dependent
vectors and to find an increased modal base where
;=0 Vi#]j.

Case Study

As atest case, the wind-tunnel model described in detail in [15] is
considered. The 1.2 m semispan model consists of a composite plate
that is mounted vertically in the low-speed wind tunnel L2000 at the
Royal Institute of Technology as shown in Fig. 1. A beam finite
element structural model and doublet-lattice aerodynamics were
used for numerical analysis. The aerodynamic model is described in
more detail in [4]. To demonstrate the different approaches in a
simple way, a variable concentrated mass was put on the leading edge
of the wing, at about 40% of the wing span, as shown in the figure.
Note that a mass balancing was considered, where only positive mass
variations were allowed.

Uncertainty Description

As proposed in [4], linear uncertainties in the system matrices are
formulated based on physical reasoning. From an analysis point of

P

Mass balancing

Fig. 1 Wind-tunnel model with leading-edge mass balancing.
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view, uncertainties are treated in the same way as variations, for
example, fuel level variations. Linear mass variations can, for
example, be written in the form

M =M+ §wMy 8 ¢el-1.1] (15)

=1
where M, is the unperturbed mass matrix, Mj; is a perturbation
matrix due to a variation § I and w ;>0 is the perturbation bound,
which may conveniently be included in Mjy;. The number of
perturbations of the mass matrix is denoted by r,,. Note that M, is not
necessarily the nominal mass matrix of the unbalanced wing
because, particularly, mass balancing modeling requires a shifted M,
to obtain the stated boundaries on §;. In the present case, the mass
balancing was varied from O to 1.0 kg. Note that the variation is rather
significant, because the wing weight is approximately 1.6 kg without
mass balancing.

Minimum-Dimension Description
By rearranging Eq. (15), the uncertain mass matrix can be written

™
M =M, + Y M, ;AMg;=M,+M,A,M, (16)

=1
where the matrices M; and My, can be chosen in different ways. To
obtain minimum-dimension uncertainty blocks A, a singular value
decomposition M;; =U;S jVJT can be performed, where S; is a
diagonal matrix with the same rank as the perturbation matrix Ms;.
For each variation parameter §;, the corresponding scaling matrices
are then chosenas M ; = U;S; and M ; = a)jVjT, and the variation
parameter is isolated to a minimum-dimension uncertainty block
A; = 1§;, where I is a unitary matrix of the same dimension as S ;.
Thus, the minimum dimension of A; is equal to the rank of the
perturbation matrix My;. If a modal formulation is used, the singular
value decomposition is applied in the same manner to the projected
matrices to reduce computational effort and obtain minimum-
dimension uncertainty blocks. Finally, the scaling matrices

M, =[M,; M, M, ,, ] 17)
Mg =[Mz, Mz, Mg, T (18)
are assembled along with the structured uncertainty

Ay = diag(Ay, A,, ..., A,,). In the present case, only one single
uncertainty parameter was defined to describe the variation of the
point-mass balancing.

Aerodynamic Uncertainty

For problems with purely real uncertainties, available solution
algorithms for p require a computational effort that grows
exponentially with the dimension of the problem [13]. The problem
can be solved more efficiently when some complex-valued variation
is introduced. In the most simple case, a small aerodynamic
perturbation affecting the aerodynamic loads on all lifting surfaces
uniformly can be introduced, which is done in the test case. The
considered aerodynamic uncertainty provides enough complex
uncertainty to make the problem feasible. In the considered test case,
this uncertainty was found to affect the flutter speed just slightly. For
the test case, a linear perturbation of the entire aerodynamic matrix
Q, with a complex uncertainty parameter §, and a real uncertainty
bound w, was introduced according to
corresponding to the pressure coefficients varying uniformly on the
entire wing. There may be more realistic models for describing
aerodynamic uncertainty, where the uncertainty depends on the
reduced frequency or other parameters. Note, however, that the
uncertainty in the present case was only introduced for numerical



J. AIRCRAFT, VOL. 45, NO. 3:

reasons, and not to capture aerodynamic modeling errors. Minimum-
dimension descriptions for the aerodynamic uncertainty are
determined in the same way as demonstrated for A,.

Results

For convenient comparison, the results of the robust flutter
analysis are summarized in Fig. 2. The figure shows the lower-bound
flutter speed as a function of the maximum value of the variable mass.
It was found that, due to its position at the leading edge, any mass
balancing would increase the flutter speed. The expected solution in
all cases was that the most critical perturbation is a zero mass, leading
to arobust or worst-case flutter speed equal to the flutter speed of the
clean wing at m,,,, = 0. Therefore, a correct robust analysis should
result in a worst-case flutter speed independent of the maximum
possible mass balancing.

An analysis of the full-scale system without modal projection
served as a reference. The full-scale analysis is computationally
expensive and can only be performed for very small uncertainty
descriptions, such as in the present case. Generally, however, this
approach would be infeasible, and the results only serve as a
reference for comparison of the different approaches. The
performance of the different approaches is judged by the deviation
from the full-scale results. The flutter speed of the full-scale model
without any uncertainty was found to be 13.9 m/s. As aerodynamic
uncertainty is added, the robust flutter speed predicted by the full-
scale model is 13.7 m/s (see Fig. 2). The robust flutter speed is
independent of m,,,,, because the worst-case perturbation always
corresponds to a configuration without mass balancing, due to the
stabilizing effect of the added mass. This is correctly predicted by the
full-scale model.

Fixed Modal Base

The fixed modal base is the simplest approach and reduces the
problem dimension significantly. This approximation is the most
computationally efficient. For the case considered, using three
eigenmodes in the modal base gives fairly accurate flutter results if no
structural uncertainty is present. As the structural uncertainty
increases, however, the mode shape variation due to structural
variations leads to a flutter mode shape that cannot be represented by
the first three eigenmodes any longer, leading to an incorrect flutter
speed. For the maximum considered variation, the flutter speed is
underpredicted by more than 1 m/s.

Modal Base Perturbation

Modal base perturbation is performed using linear approximations
of the mode shape variation. This is the most computationally
expensive approach. As shown in Fig. 2, the linear approximation
reduces the deviation from the full-scale case, especially for smaller
variations compared with the fixed-base case. As the structural
variation increases, however, the deviation increases. This is mainly
due to the actual mode shape variation not being linear with respect to
structural variations. This leads to incorrect mode shape predictions
as the variation increases.

An investigation of higher-order expansions of the mode shape
with respect to structural perturbations was performed. Results for
some representative eigenvectors are shown in Fig. 3. The figure
shows, in this specific case, that the first-order estimation
overpredicts the mode shape variation due to a fairly large mass
balancing. It even deviates more from the true mode shape than the
unperturbed mode shape does, implying that the first-order
estimation could increase the error. Considering second- and third-
order terms improves the estimation, but would increase the
dimension of the uncertainty description significantly, making the
problem infeasible to solve.

Modal Base Iteration

Modal base iteration combines the small dimension of the
uncertainty description from the fixed-base approach with the
possibility to account for mode shape variations. The computational
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Fig. 3 Perturbation of the third eigenvector due to 0.5 kg mass
balancing, and mode shape estimations using Taylor expansions of
different order.

effort in this case is about the same as for the fixed-base
approximation, multiplied by the number of iterations needed. As
shown in Fig. 2, the flutter speed is predicted very close to the flutter
speed from the full-scale case. The error is in the order of the
deviation due to the modal projection as such. This error is always
present because the projection neglects flutter mode shape
contributions of higher modes, and it is visible even for zero
structural variation. The worst-case perturbation was found to be
8y = —1, corresponding to the zero mass balancing. The iteration
converged after one step, because both the initial and the updated
modal base resulted in the same worst-case perturbation and thus
fulfilled the convergence criterion in Eq. (14), where a tolerance
parameter of k = 1073 was chosen.

Increased Modal Base

Adding three structural eigenvectors to the modal base increases
the accuracy significantly, along with a slight increase in
computational time. The deviation from the full-scale results is
very small in this case. There is, however, a slight trend in the graph
indicating that there may be some deviation for increasing variations.

Adding orthogonalized eigenvector derivatives to an orthogon-
alized modal base yields very accurate results. In the case presented
in Fig. 2, first-order derivatives were computed for the three nominal
eigenvectors, leading to an additional set of three vectors. Note that
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there is no solution for the case m,,,, = 0inFig. 2, because there exist
no eigenvector derivatives for this value of the mass.

Conclusions

The objective of this study was to evaluate different approaches
for taking mode shape variations into account in robust flutter
analysis. In general, when dealing with small structural variations,
the fixed modal base is sufficiently accurate. Even though structural
uncertainties as such can have great impact on the flutter behavior,
the impact due to mode shape variations appears to be a secondary
effect. For large variations, however, the mode shape variation may
lead to considerable errors in the prediction of the flutter speed.

A first-order Taylor expansion of the modal base is not very useful,
because in cases with small perturbations, mode shape variations can
be neglected, and in cases with larger perturbations, the linear
approximation can be even less representative than the unperturbed
modal base. Higher-order Taylor expansions for the mode shape
variation, on the other hand, lead to a substantial increase of the
dimension of the uncertainty description, making the problem
infeasible to solve.

Two useful methods for taking mode shape variation into account
were provided. First, the modal base may be increased by deriving an
appropriate set of additional vectors to be included in the modal base.
In the most simple case, adding structural eigenvectors can improve
the results, but there is no guarantee that these eigenvectors capture
the effect of the structural variation. It was shown that the robust
flutter results can be improved significantly by including mode shape
derivatives with respect to the structural variation.

Second, the iterative approach was found useful for capturing
mode shape variations without the need of mode shape derivatives.
The main advantage with this approach is that a small uncertainty
description is conserved in each iteration. A drawback is that
computational time increases as several iterations have to be
performed. Further, it is essential that the global optimum to the
underlying optimization problem is found if the iterations should
converge.

References

[1] Zhou, K., and Doyle, J. C., Essentials of Robust Control, Prentice—Hall,
Upper Saddle River, NJ, 1998.

ENGINEERING NOTES

[2] Lind, R., and Brenner, M., Robust Aeroservoelastic Stability Analysis,
Springer—Verlag, London, 1999.

[3] Lind, R., “Match-Point Solutions for Robust Flutter Analysis,” Journal

of Aircraft, Vol. 39, No. 1, 2002, pp. 91-99.

Borglund, D., “The p-k Method for Robust Flutter Solutions,” Journal

of Aircraft, Vol. 41, No. 5, 2004, pp. 1209-1216.

doi:10.2514/1.3062

Borglund, D., “Upper Bound Flutter Speed Estimation Using the -k

Method,” Journal of Aircraft, Vol. 42, No. 2, 2005, pp. 555-557.

doi:10.2514/1.7586

[6] Bick, P., and Ringertz, U. T., “Convergence of Methods for Nonlinear

Eigenvalue Problems,” AIAA Journal, Vol. 35, No. 6, 1997, pp. 1084—
1087.

[7] Chen, P. C., “Damping Perturbation Method for Flutter Solution: The g

Method,” AIAA Journal, Vol. 38, No. 9, 2000, pp. 1519-1524.

Borglund, D., and Ringertz, U., “Efficient Computation of Robust

Flutter Boundaries Using the j1-k Method,” Journal of Aircraft, Vol. 43,

No. 6, 2006, pp. 1763-1769.

doi:10.2514/1.20190

Karpel, M., Moulin, B., and Idan, M., “Robust Aeroservoelastic Design

with Structural Variations and Modeling Uncertainties,” Journal of

Aircraft, Vol. 40, No. 5, 2003, pp. 946-954.

[10] Moulin, B., “Modeling of Aeroservoelastic Systems with Structural and
Aerodynamic Variations,” AIAA Journal, Vol. 43, No. 12, 2005,
pp- 2503-2513.
doi:10.2514/1.15023

[11] Ringertz, U., “On Structural Optimization with Aeroelasticity
Constraints,” Structural Optimization, Vol. 8, No. 1, 1994, pp. 16-23.
doi:10.1007/BF01742928

[12] Doyle, J. C., Packard, A., and Zhou, K., “Review of LFTs, LMIs, and
1L, Proceedings of the 30th Conference on Decision and Control, Inst.
of Electrical and Electronics Engineers, New York, Dec. 1991,
pp. 1227-1232.

[13] Hayes, M. J., Bates, D. G., and Postlethwaite, 1., “New Tools for
Computing Tight Bounds on the Real Structured Singular Value,”
Journal of Guidance, Control, and Dynamics, Vol. 24, No. 6, 2001,
pp. 1204-1213.

[14] Balas, G. J., Doyle, J. C., Glover, K., Packard, A., and Smith, R., u-
Analysis and Synthesis TOOLBOX for Use with MATLAB, MathWorks,
Natick, MA, 1995.

[15] Borglund, D., and Kuttenkeuler, J., “Active Wing Flutter Suppression
Using a Trailing Edge Flap,” Journal of Fluids and Structures, Vol. 16,
No. 3, 2002, pp. 271-294.
doi:10.1006/jfls.2001.0426

[4

=

[5

[ty

[8

[t

[9

—



http://dx.doi.org/10.2514/1.3062
http://dx.doi.org/10.2514/1.7586
http://dx.doi.org/10.2514/1.20190
http://dx.doi.org/10.2514/1.15023
http://dx.doi.org/10.1007/BF01742928
http://dx.doi.org/10.1006/jfls.2001.0426

